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Comet-shaped quiver varieties
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@ [ comet-shaped quiver with k legs, and with g loops on the central
vertex (star-shaped when g = 0)

the length of the ith leg

@ when g indivisible i.e. gcd(y}) = 1take C; C gl(n, C) are generic
semisimple adjoint orbits of type u' )

© Let a, be given on the ith leg by aj;; := n— Y1 _, u} and n at vertex 0.

When p is indivisible the symplectic quiver variety

Mo, ={(A1, By, ..., Ag, By, Ci,..., C) Ci € Cil
A1B1 — B1A; + -+ + AgBg — BgAg + C1 + - - - + Cx = 0}//GL,(C)

and is smooth.




Character varieties

@ C genus g Riemann surface, punctures ay,...,ax € C

o ueP(n)!' k partitions at the punctures; ‘
Ci c GL(n, C) semisimple conjugacy classes of type u' € P(n)
o

A7'BA1By ... Ay By AgByCr ... Ck = 1d}//GL,(C)

o Taking generic eigenvalues for C; the character variety can
always be made smooth with a given g and u

@ For example, when k = 1 and u' = (n), the generic character
variety is smooth:

M}é == {(A‘|,B1,...,Ag,Bg)|
AT'BTAB; ... Ay By AgBy = nld}//GL(C),

where ¢, is a primitive nth root of unity.



Harmonic analysis on finite groups

o [ finite group; the convolution of f,...,fx : I — C is defined:

fik koo xfi(h) = > fi(g1)fa(g2) - fi(gk)

91,929k €
d192...gk=h

@ Fourier transform:
f:C(MN —=C~f:I(M) - C ?:IH(F)%CM?:C(F)%C
Hx) = xaraa - ey = )R (1
(X) ZCGC(F) X(1) (9] Z,\(elrr(l'))(( Y (1)
@ Fourier inversion formula: ?(h) = [Mf(h™")
Fourier of convolution: fy x fo = f; - f
® #{a1 €Cy,...,ak eCk|a1az---ak =1} =1¢, *---x 1, (1) =

|1T|:|\C1 Tt :I\Ck(1) = Z,\(eIrr(I') |r| Hk X(Xc(lzl)cr

o formula due to (Frobenius 1896)
k = 2 is Frobenius orthogonality
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n = 3, C; c GLy(F,) regular semisimple:

2k (GNC
#Mp(Fq)} XeIrr(GZLs(JFq)) |GL3(Fq)| ,l;[ x(1)

((q+1)(q2+q+1))k_ (3¢2(q+1)"
(@-12(P-1° ¢ (@-1)7(g-1)
(6¢)°  (2¢(dt+a+1)"

®g-1)*" q*(®-1)°(q-1)?

(P @+ 1)(P+ q+1)) ) (3¢%(q+1)
PP -1 (@-17 B (-1)°(g-1)*
Katz

= E(Mj;.q)
e.9. k =3~ #(Mg(Fq)} = ¢> +6q+ 1 = E(M5,q)

+1/3




Weight Polynomials

o (Deligne 1971) proved the existence of
WocC---c W c--c Wy = HY(X; Q) for any complex
algebraic variety X
@ when X is non-singular Wx_q N H¥(X; Q) =0
o H(X;q.t) = ¥ dim(W;/ Wi (HK(X)))tkqz, weight polynomial
o P(X;t) = H(X;1,t), Poincaré polynomial

e E(X;q) = q9H(1/q,-1), E-polynomial of X.
@ weight filtration on H*(X, C) is pure if
dim(W;/Wi_1(H*(X))) =Ounless i = k
H(X: q.t) = E(X: (-t y@)?) =
P(X;t) = H(X;1,t) = E(X; (-1)?));
examples: smooth projective varieties, Mpol, Mpr, My
@ in general the pure part of H(X; g, 1) is
PH(M; t) = Coeffro (H(X; qT2, T )); which, for a smooth X,
is always the image of the cohomology of a smooth
compactification



When n = 3, C; regular semisimple, hPiK = h%-pik+d.~2p

(a2 + 1) (Pt + g2 +1))"
1) (@~ 1) (1) (P 1)

HME, q.t) = Y hPKgPtk =
( B ) Z (

(3 G*t* (qt2 + 1))k 6~ (qt2)3k
(P - T1) (P -1) (g 1) (q- 1) qét'2 (qt2 — 1) (q - 1)2+
(?t*(2 q2t2+qt2+q+2))k (P (q+1)(P+a+ 1))"

FE (@~ (PP - (@B - 1)(q-1) P2 (PE 1) (e~ 1) (@2~ 1) (- 1)

(3¢°°(q+1)"
P (@E 1) (@ - )G - (a1

e.g. k =3~ H(Mjy; q.t) =1+ 6qt? + ¢°2




The Riemann-Hilbert map

0 g=gl,
o C = P' with punctures ay,...,ax € P'; u € P(n)!"-K
@ C; semisimple adjoint orbit in g(C) of type x/

© Mo, = ((As,.... Ak) A € CilAy + - - + Ak = 0}//GL(C),
star-shaped quiver variety, as symplectic quotient

Qo M% is smooth when C; generic

o “M% c Mpr”, a point in Maﬂ gives the meromorphic flat
GL(n, C)-connection }; A;z‘i’—zai on the trivial bundle on C.

o C; = exp(27iC;) c GL,(C) is the corresponding conjugacy
class

o the Riemann-Hilbert monodromy map

va: My, — M

is given by sending the flat connection to its holonomy.



Purity conjectures

If g = 0 and gcd(u) = 1 and C; are generic of type u, then
Vi PH (ML) = H' (M,,)

-

For every g and ged(i) = 1 and C; are generic of type u, then

PP(Mg.t) = P(Mq,.t)

For every g and u if C; are generic of type u, then

q*2PP(M, q7'%) = Ar, (@, 9)

A\

@ n=3,k =3,C,regulari.e. u=(13,13,13) semisimple
© M,, is Eg ALE space,

o My = M elliptic fibration with singular fibre of type Ee.
® P(M,,;t) =1+6t

o H(My;q.t) =1+ 6qt? + g°t? = Conjecture is true here



Fourier transform for M,

@ V : Fq — C non-trivial additive character
o f:g(F,) — Cits Fourier transform f : g*(Fq) — C

HY)= > WX, V).

Xeg(Fq)

@ 1¢; : 9(Fq) — C characteristic function of C; c g(Fq)

IPGL(n, Fq)l#{ Mo, (Fq)} =
#A1€Cr, ..., Ak eCkIAT + A2+ -+ Ak =0} =
Ty *-oe % 1Ck(9) = :I\C1 :I\C;\k(o) =

FGEay] SXea(Fg) Tci (X) -+ T, (X)
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Letellier’s character table for gl3(Fq) implies that when n = 3 and
all adjoint orbits C; are regular semi-simple

(B+1)(t*+ 2+ 1))k
(t6=1)(t*-1)

P(Ma,; t) =

(3 t4 (t2 + 1))k 6k (t2)3k
“EE-n@E-1 Py
(2 +2 g 3 16)k
| ts((tz - 1))) perey _GRF

which agrees with the pure part of the conjectured mixed Hodge
polynomial of the corresponding M.




Master Conjecture

Conjecture (Hausel-Letellier-Villegas, 2008)

H(Mg:a.t) = Spx hPH (M) Pt = (tva)%(q-1)(1 - gp) -
: <Log (Z/IG'P (T Fa(xi; q. #)) Ha(q, #)) , h,1>
where H,(x;; g, #) are the Macdonald symmetric functions.

’

Theorem (Hausel-Letellier-Villegas, 2008)

@ The Master Conjecture is true when specialized to t = —1
giving a formula for E(My; q) = #{Mg(Fg)}.

@ the pure part of the Master Conjecture gives the Poincaré
polynomial of the quiver variety M,,, when p is indivisible,
and Ar, (ay, q) in general.

o When k = 2 the Master Conjecture is true and reduces to the
Cauchy identity for Macdonald polynomials; thus it is a
deformation of Frobenius’ orthogonality for GL(Fq).






